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THE I NORM OF SUMS OF TRANSLATES OF A FUNCTION

BY
MAREK KANTER

ABSTRACT. For p not an even integer, p > 0, we prove that knowledge of the I norm
of all linear combinations of translates of a real valued function in I?(R) determines the
function up to translation and multiplication by *1.

1. Introduction. Let R stand for the real line, let p be a real number greater than
zero, and let I7(R) stand for the set of all real valued Borel measurable functions
fon R such that [ |f(s)|”ds is finite. We denote (f |f(5)")'? by ||f],. We
denote the function s — f(z + s) by f©@. We denote [f] the set of all functions g
in I?(R) such that ||g + f@||, = 0 for some ¢ € R.

We note that for g € [ f] we have

(laof®@ + ... +a,f@ )" = (lag® + ... +a,g"],)?

for all numbers ay, ..., a, in R and all points #,, ..., ¢, in R.
Conversely, suppose we know the functions

Gn(@0s - -5 ustys -+ -5 ty) = (laof @ + ... +a,f@|)7.

Does this knowledge determine the equivalence class [f]? (L.e., is f determined up
to translation and multiplication by +17)

Our question has a negative answer in the case p = 2. In that case knowledge
of {¢,} is equivalent to knowledge of the function r(f) = f, f(¢ + 5)f(s)ds for all
t € R.However, it is well known that knowledge of r(r) does not determine f as
above. (See Doob [2, p. 586] for a complete description of what else is needed in
the case p = 2 to determine [f].)

In this paper we show that, in fact, whenever p is not an even integer, then
knowing the functions ¢, determines [f]. We presume that this result is false
whenever p is any even integer; however the only counterexamples we have at
the moment are for p = 2.

Our proof is interesting in that it uses the concepts of integration in infinite
dimensional spaces in order to prove a result that seems classical. The proof
hinges on a lemma concerning symmetric measures on S”, the n-dimensional
surface of a sphere. Namely, if p is such a measure then knowing

o(@) = [, I o)l” due)
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36 MAREK KANTER

for alla € R™*! determines y, if p is not even. (By the way, for p any even integer
this lemma is false. Say n = 1. We are then asking whether knowing ¢(¢)
= fiom lcOS(x + 1)|? du(x) for all ¢ determines the measure . This is false because
the Fourier series of |[cos x|” has only finitely many nonzero terms whenever p is
even.)

The lemma concerning measures on spheres is due to Paul Levy for 0 < p
< 2. We have used its proof in Bochner [1] to generalize it.

Let us end this introduction by relating our motivation for this work. Namely,
if 0 < p < 2 then there exists a time homogeneous symmetric stable stochastic
process X of index p with independent increments. If f is in If(R) then we can
consider the stationary process Y () formed by letting Y (¢) = f f(t + 5)dX(s).
(We refer the reader to [6] for an elementary account of stable random variables
and stochastic integrals such as above.) The results of this paper imply, in
particular, that knowing the finite dimensional joint distributions of the process
Y determines f as above. We hope to exploit this result for stochastic processes
in a further paper.

2. Symmetric measures on spheres.

Notation. Let n be any nonnegative integer. If x = (x,...,x,) is a point in
R we set ||x|l, = (S 1x;/7)'7, §" = {e | e € R™!, |le|,, = 1}. Fora, e € R™!
we define (a - €) = 3%, a;¢;. Finally for r € (0, 0), x € R™*!, let O(r, x) = rx.

Lemma 1. Suppose p is a symmetric bounded measure on S”. (b symmetric means
w(A) = w(— A) for any Borel subset of S".) Suppose m is any positive integer and
suppose that p is a positive measure on (0, 00) such that

1 fol rdp(r) < oo,

(2 flw r2m=N do(r) < o0.
Let us define

o 2 —1)ym-1
Y(w) = j; (cos(wr) -1+ % ... +z2((m—)_m(wr)2(m-|)) dp(r)

for every w € R. (Note that the integral defining  exists by (1) and (2).)
We claim that knowing ¢(a) = ¢ Y(a - €)du(e) for all a in R™" determines p.

Proof. Let us first prove the lemma for nonnegative measures p. If f(v) is a real
valued function on R and h = (hy, . .., h,), define the function

Dy(/)@) = }—‘(20 fla+ h8) = 2 (@) + f(a - h,-s,->)
2
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where §; = (0,...,0,1,0,...,0) and the 1 is at the jth coordinate. Define Di(f)
to be D,(D,(f)), and for every integer k > 2 define Df(f) = D,(D' /).

Let F stand for the measure p X p on (0, c0) X S”, and define the measure G
on R™! by setting G(4) = F("V(A)) for any Borel subset 4 of R™!. We then
have

(a-x)?

o(a) = j;m (cos(a -x)— 1+ 3

!
ot am -y

(a x)“’”"’) dG(x).
Now let us note that
D ¢(a) = ... Dy (cos(a - x)) dG(x)

because Dj((« - x)¥) = 0 for any integer k < 2m. Furthermore, it is not hard to
see that

(a) D*(cos(a - X)) = (— 20 sin’(%hjx,-)) cos(a - x)
-

and that

@) D (sin(a - x)) = (— 20 sinz(ihjxj))msin(a - X).
F-

Noting now that (3, sin?(34;x;))” is G integrable and that

m
[ ( sin2(%hjxj)> sin(a - x)dG(x) = 0
\j=0
because p is symmetric, we write

Dy o) = [... e"(“)(— > sinz(%h,-x,)) dG(x).
j=0
By the well-known uniqueness property of the Fourier transform of a finite
measure, we conclude that the finite measure (3., sin’(3h;x;))" dG(x) is deter-
mined for all A = (hy, . . ., h,). It follows that the measure G is determined on the
set

A= {x | x = (Xgs - s %n)s S sin2 (b x;) > 0}-
Jj=0
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We can choose h = (hy, ...,h,) and b’ = (hg, ..., H,) such that 4, U A, = R*!
— {0}, where 0 = (0, ...,0) € R™!. It follows that G is determined on R™*! — 0.
But G has no mass at 0; hence the measure G is determined. Noting that 8 is 1-1,
we conclude that the measure F is determined. Now F = p X p, and p is fixed;
hence p is determined. This proves the lemma for p nonnegative. If we only
assume p bounded, then p can be written uniquely as u; — p,, where p, and p,
are nonnegative. Applying the lemma to u, and p,, we are done. Q.E.D.

The above lemma and its proof are an extension of the arguments in Bochner
[1, p. 68] where it is proved for 0 < p < 2.

Corollary 1. Let p be any positive real number which is not an even integer. Then
if p is any bounded symmetric measure on S", knowledge of ¢(a) =
S |(a - €)|” du(e) for all a in R™" determines p.

Proof. Let m be the unique positive integer such that 2(m — 1) < p < 2m.
Let dp(r) = (1/r'*?)dr on (0, 0). Then p satisfies conditions (1) and (2) of
Lemma 1. Now form the function

© -1 m—1
Y(w) = j; (cos(wr) -1+ (wr)—... +%m)_—l—)-i(wr)2('"")) dp(r).

By a change of variables r = ar’, we see that Y(aw) = a’{Y(w) for all positive a. It
follows that y(w) equals *1(k,)|w|” for some positive constant k,. Now apply
Lemma 1. Q.E.D.

We wish to generalize Corollary 1 to measures p which are not necessarily
bounded. The technique of proof for this is similar to the technique in Lemma 1,
but needs a certain amount of additional argumentation. Our first preliminary is
the following:

Lemma 2. Let m be any positive integer. Let the numbers a,, . . ., a,, be defined
by the equation

(cosx — )" =(-D)"+ kﬁ a; cos(kx).
=1

Then for p € [2(m — 1),2m) the sum ., a k? vanishes only at the point
p=2m-—1).

Proof. (d%™=V/dx*m=V)(cos x — 1)" |, = (=)™ (i, a k*™D). Also it is
clear that (d%™=V/dx*m=D)(cos x — 1)" |, = 0 because the Taylor series of (cos x
— 1) starts with the term —x2/2. Hence the sum vanishes at the point p
=2(m—1).

To prove the sum vanishes nowhere else on [2(m — 1),2m), let us consider

0 m 1
Y(w) = fo (cos wr — 1) r,—+pdr.
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Arguing as in Corollary 1, we see that
Yw) = ()" K, |w|”
for some positive constant K, .
Let S° = {—1,+1} and let p assign mass 3 to each point in S°. Let p stand for

the measure dr/r'*? on (0, 00). Let F stand for the measure p X p on (0, ) X S°
and let G = FO“Y as in Lemma 1. We then have for alla« € R

(@) = (~1)"K,Jal? = |, (cos(ax) — 1) dG(x).
Calculating as in Lemma 1 we can write for h € R,
m Kl’ i(acx) in2 m
DF ¢le) = +{ [, €@ (=sin?(hx)y™ dG(x).
Let us now apply D}’ to (cos ax — 1)™. We note first that
D, cos(akx) = — cos(akx) sin?(3khx).
It follows that
D} (cos(ax) — D)™ = (—1)™ ﬁ a; cos(akx) sin®" (3 khx).
k=1
Let us now set 2 = 1. It follows that
(@) = [ 3 apcos(aky) sin?(4kx) dG(x)
k=1
m
=3 a chos(akx) sin?"(3kx) dG(x).
k=
Now we can rewrite
(b) Jr cos(akx) sin? (3kx)dGx) = k* [, cos(ay) sin*(4y) dG(»)
by the change of variables y = kx (and remembering that dG(x) = }dx/x'*? for

x > 0, and dG(x) = jdx/|x|'*? for x < 0).
We can conclude that

o = Jy cos@)(§ ack?) sintn(h)di)

If the sum 3., a; k? vanishes for some p, € (2(m — 1),2m), then we conclude
that

0= [, el (sin(}x)) dG(x)
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where dG(x) = }dx/|x|'"*7. But this is clearly false. Q.E.D.

Now we are ready to generalize Corollary 1 to unbounded measures. We will
at the same time extend the validity of the corollary to infinite dimensions and
to surfaces more general than sphere surfaces. We start with some notation.

Let Q stand for the rationals. For p > 0, let I = {f|f € R2, 3, /()
< ). For a € /5 and f € R? we define

(a-f=3> a®)f@® if the sum converges,
(€0

=0 if the sum does not converge.

" Let B, denote the Borel o-field generated by the product topology of R2. For
r € (0,) and f € R? define 6(r,f) = rf. If B denotes the Borel subsets of
(0, ) then it is clear that §CV(B,) C B X By,.

Lemma 3. Fix p € (0, o) and assume that p is not an even integer. Let S be a
Borel subset of R and suppose that 8 restricted to (0, ) X S is a 1-1 map into R?.
Suppose also that S is symmetric, i.e. f € S iff —f € S. Let p stand for a o-finite
measure on B, with values in [0, 0o] such that p is symmetric (i.e. (A) = p(— A) for
A € By) and such that:

(1) p lives on S, i.e. y(R2 — S) = 0.

(2) Letting p' = p A 1 = min(l,p), then for all a € 1§ we have ¢p(a) =
Ss |(a - @))f due) < oo and sup,ed(8,) = M < oo, where 8, € R? and §,(s) = 0
if st and §,(t) = 1.

(3) m(Myeq BY) = 0 for some a > 0, where Bf = {e | e € S,e(t) is an integer
multiple of am}.

Then . is uniquely determined on BQ by knowing ¢.

Proof. Let m be the unique positive integer such that 2(m — 1) < p < 2m.

Let Bg stand for {4 | A € By, A C S}. Let p stand for the measure dr/r'*? on
((0, 0), B) and let F stand for the measure p X p on ((0, 0) X S, B X Bg). Since
6 is a measurable map we can define the measure G = F# on (R?, By).

Let us remember that by Lemma 2

J.7 @ = costry™ d(r) = K, wi?.

It follows, using Fubini’s theorem, that we can write

K, | (@ e)? du(e) = [ (1 = costa - /)" dG(f)

fora € I§. Now (1 — cos(a - f)) = 2 sin’(ja - ) so we conclude that (sin?(3)a - f)"
is G integrable for all a € /§ . Remembering M = sup,c,¢(§,) < o0, we can
further write for a = (a(?),f € Q), a € /5,
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(Jee (3, s s di) ™
< 3 (foo Ginmda roNdG()
(e 1 = cosa s d6())

1/m
-5 3 ([, loeor o)
=K' 3 |a(®)P™($(8,))m
teQ
< (KM 3 e
€0
If p>2 then p/m > 1; hence 3,4 a(1)|”™ < o0, because p' =1 and
a €15.1f0 < p<2thenm=1and 3, la@®)f < .

We conclude that (3¢, sin?(3a(r) f(£)))” is G integrable for all a € 5.

Let us now take h € I§, a € 1§, and suppose {t | h(f) 5 0} is a finite set N.
We define D, ¢(a) to be

4,3, (e + h08) = 29(e) + 9l — K1)}

We define D¢ = D,(D,¢), and for every integer k > 2 define Df¢
= Dy(D}' ¢).
Now for an arbitrary h € 15, let N, = {t | |h(f)| > 1/n}, and let h,(¢) = h(?) if
t € N,; otherwise let h,(¢) = 0.
Let us define
DF ¢(a) = lim Dy ¢(a).

n—oo

To show this limit exists we use formula (a) of Lemma 1 to write

K, Dp o) = § a, [, costka - ) 3 sin?(3kh() 1)) dG(f),
k=1 tEN,

where g, are as defined in Lemma 2.
Now (T, sin?(3a(f) f(2)))" is G integrable; hence by the Lebesgue monotone
convergence theorem K, (lim,_, , D}’ ¢(a)) exists and equals

3 fro costha -f)(lg.g sin? (4O @) 6.

By formula (b) of Lemma 2, we can rewrite this as

( 3 a ) f costa -f)(‘GEQ sin? (1O @) 4G(1).
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Now Lemma 2 ensures us that the first factor does not vanish. It follows that
knowing ¢(a) determines the function r(a):

(@) = foo coste 'f)('EEQ sin? (1) @) dG(P).

Let us use the fact that p is symmetric to rewrite t(a) as

Jro e (EQ sin (40 @) 4GS,

By the uniqueness property of Fourier transforms of finite measures, it is clear
that the marginal distributions of the finite measure

* (5 snanos@) do
(€0

are uniquely determined on all finite dimensional subspaces of R?. This implies
we know this measure on B,.

Let us now use (3) to pick a > 0 such that u(M,ep Bf) = 0. Let {t,1,...} be
a list of the members of Q. Pick k to be an integer with kp > 1 and let
h(t,) = n~%¢". Then h € I§. Also we have that 3, sin?(3h(2)) f() > 0 as.
with respect to the measure G by the Fubini theorem. We conclude that knowing
the measure (*) for this # determines the measure G.

Let us remember that @ is a 1-1 measurable map from (0, c0) X S into RC.
However, (0, 0) X § is a Borel subset of a complete metric space. Hence, by
Kuratowski [4, p. 397], we see that #CV(B,) € B X Bs. This implies the
transformation that sends a measure F on ((0, o0) X S, B X Bg) to the measure
6-VF on (R?,B,) is a 1-1 transformation. Since we know G = #CVF, we
conclude that F is uniquely determined. F = p X pu, and we conclude further that
the measure p is uniquely determined on B, by knowing ¢. Q.E.D.

3. The main results. Let us start with a finite dimensional analogue of our main
theorem. Namely for x = (xg,X;,...,%,) € R™!, let us define x©@ = x, x®
= (X1, X2y -+« 3 Xpgs Xg)s -« - » X = (X, X0, - - -, X,_1). FOr a = (ag,...,0a,) We can
consider the function

o(a) = (Jlagx® + ... +a, x|,)".

Lemma 4. If p € (0, ) is not an even integer then the function ¢ determines the
vector x up to shift and multiplication by *1.

Proof. Let us first start by saying that if x, y are points of R™!, then to say that
x and y are equal up to shift and multiplication by *1 means that for some
i €{0,1,...,n) we have x? = =y, and in that case the corresponding functions
¢ will be the same.
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Let x € R™! be fixed and construct the function ¢ as above. Let M = ||x|,.
Let e® = x®@/M. Then e® is a point of S" fori € {0,1,...,n}. Let mass M? be
assigned to each of the points in {0, 1, ..., n}, and let p stand for the measure on
§" induced from the map i — e®. Define the symmetrized measure p, by
ps(4) = $(u(A4) + p(— A)) for any Borel subset of S".

It is easy to compute that ‘

o(@) = [ I(a - o) duy(e)

for all a« € R™!. By Corollary 1, the measure p, is determined. By the
construction of y, this implies that the vector x is determined up to shift and
multiplication by 1. Q.E.D.

We will now use Lemma 3 and an extension of the technique of Lemma 4 to
prove our main result. One last notational preliminary: We let £,(R) denote the
set of all real valued functions a defined on R with a(f) = 0 for all but a finite
number of ¢.

Theorem 1. If p € (0, «0) is not an even integer and f, € I?(R) then if we know
for all « € Ly(R) the function ¢(a) defined by

o) = (la(to) f§ + . .. +a(t,) f§”1],)"
(where {ty, ..., t,} = {t | a(t) 5= 0}), then we know [ f,].

Proof. We treat I”(R) as a non-Hausdorff topological space. (We set p’
=p A 1 and then (|| |,)” is a pseudonorm on I?(R).)

We endow I7(R) with the Borel structure generated by its metric topology, and
we consider the measurable map ¢ — f§’ from R to I”(R). We let ji be the
measure on [”(R) induced by this map, i.e. i(4) = [(1| f§? € A}| for any Borel set
A of I’ (R). (For a Borel subset B of R we let |B| stand for its Lebesgue measure.)
We define

iy (A) = §(i(4) + (= A4)).

It is clear that the symmetric measure fi, assigns measure zero to I7(R) — [f,].
Furthermore let us note that [f,] is a closed subset of I?(R) and that if C is a
closed subset of [ fy] with [f,] — C % &, then

i (o] = ©) =3[ & CH+|{Hlf§ & — ).

Now the function ¢ — f{ is a continuous map; hence both {t | f{’ & C} and
{t| f§ & —C}are open subsets of R. It is easily seen that both of these open sets
cannot be empty; hence, since the Lebesgue measure of a nonempty open set is
strictly greater than zero, we conclude that fi, ([ fo] — C) > 0. In other words, [ f,]
is the support of i, (i.., [fy] is the smallest closed set containing all the mass of

fs)-
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Another fact which is clear is that if we had started with a different function
fi with [f] = [fo], then the construction just described would have yielded the
same measure .

We let o4 denote the o-field of subsets of I(R) generated by finite unions of
sets B N A4, ... A, where 4, is a set of the form {g | g € I’(R),g(t;) € D;} (for
t; € Q and D; a Borel subset of R) and where B is a Borel subset of I7(R). We
can extend fi, to o4 by defining BN 4, Nn...NA4,)=[{t|f € Bn 4
N ... N 4,}], and then symmetrizing as before. We then let =4, denote the o-
field generated by finite unions of sets 4, N ... N A4, as above, and we let 4%
denote the ji, completion of A,.

We assert that knowing p, on 45 determines y, on o4. To prove this assertion
we write, for fin I#(R),

+o00

(”f”p)p B f-w |f(S)|pdS = m:Eiow 10.1] |f(s + M)lp ds
- f[o,.] 1S+ m)”ds.

We conclude that 3, |f(s + m)|” < oo a.e. in [0,1] for any f € I’(R). Of
course we could have used any other interval [k, k + 1] instead of [0, 1]. So we
have 3, | f(s + m)|” < oo. Let us define

26 =3 116+ m)?

if the sum converges. f*(s) = 0 if the sum diverges.
It is clear that f* is periodic of period 1 and also that g f*(s)ds = (|| f|},)”.
Let us define

0u) = Jim 2|3 12|
if the limit exists and O otherwise. By a martingale type argument as given in
Hewitt [7, p.375] we conclude that Q(f®) = (||f],)? a.e. in R.

If we apply the above to fy, we can conclude that for g,, ..., g, in I’(R) and
numbers k,,..., k, all > 0 we have pu(B) = pu,(D) where B = N, B, (g),
D = M.y Dy(g), and By (g) ={f|f € IR f — &ll, < ki} while D,(g;)
= {f|f € I’(R), Q(f — g;) < kP}. Knowing p, on sets of the form B clearly
determines p, on o4, while sets of the form D are certainly in 45. We conclude
that knowing u, on =43 determines p, on 4.

We are now ready to use Lemma 3. Let S = {e | ¢ € R? and e satisfies (+)}:

*) @) = (Ifol,)”

It is clear that @ as defined in Lemma 3 is a 1-1 map from (0, 00) X S into R?,
unless ||fy||, = 0, which we exclude as a trivial case. Let us define the map
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I: I’(R) —» R? by setting I(g)(f) = g(¢) for g € I’(R) and ¢t € Q. By what we
have already shown it follows that we can throw away an 4 measurable set 4 of
i, measure zero from If(R) such that

(**) I(I’(R)— A) C S.

Defining By as in Lemma 3, it is clear that I©"D(Bg) C 4,. We denote by p
the measure induced on (S, Bs) by setting uw(B) = f,(I-V(B)) for B € Bg. It is
clear that S is a symmetric subset of R? and that p is a symmetric measure. We
now need to check that hypotheses (1) through (3) of Lemma 3 are satisfied.

(1) is obvious from (**).

(2) To prove (2) let us consider a € £y(R) with {ty,...,2,} = {t | a(t) 7 0}
C Q. We have

Jo @ o due) = [ lati)etto) + ... +alt,)e(t,)I? due)
= Jolato) folto + ) + ... +a(t,) folen + 5)P ds
= (lalto) f§ + . . . +a(t) f§ 1) -

We conclude that the function ¢ of Theorem 1 coincides with the function ¢ of
Lemma 3 at least on £3(R).
Let us now define £§ to be the set of all real valued functions a defined on R

with {f|a(?) # 0} C Q and also 3, |¢(#)|” < oco.
We can identify /j with £§. Weletp’ =p A 1. We have fora € 15' s

Sl o duo) < | S a6l . @
te
= P
(ufn,)f(,ezg o) < co.
If we let {tp,1,, ...} be a list of the elements of Q and if we define

a,(D) = a(t) ift € {t,...,t,)

=0 if not,

then

[ = -orane < any( 3 laeor)

It follows that we can define ¢(a) = lim,_, , ¢(a,) and we will have

o@) = [ I ) du(e)
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fora € 1f.

Now sup,eo ¢(1) = sup,o(lf§1,)” = (If1,,)? < oo, so (2) is satisfied.
To prove (3) we note that there must be some a > 0 such that

0 = [{t| f(¢) = kma for some nonzero integer k)|

(where |A| stands for the Lebesgue measure of a Borel set 4 in R). If the above
were false for all @ > 0 then we would have that R contained uncountably many
disjoint sets of positive Lebesgue measure. So let us fix an @ > 0 for which the
above is true, and let us consider the “complementary” set B, = {t|f,(¢)
# kma for any integer k).

Now [{z | f(?) 7= 0}| > 0; hence |B,| > 0. From this it is not hard to show that
for Lebesgue a.e. t we have (B, + ) N Q is nonempty. We conclude that (3) is
satisfied.

From Lemma 3 we conclude that p, is uniquely determined on Bg. It follows
that fi; is uniquely determined on ICD(Bg). However the p, completion of
ID(By) is clearly A% It follows that fi, is uniquely determined on the Borel
subsets of I(R). In particular the support of i, is uniquely determined, which in
this case happens to be the closed set [ f;].

However, knowing [ f,] means we know f; up to shift in time and multiplication
by *1. Q.E.D.

In the above proof we argued that =45 contained the Borel subsets of I7(R).
A similar but more general such argument can be found in It6 [3].

4. Generalizations. Let us formulate a general conjecture.

Conjecture. Let p be any positive real number not of the form 2n. Let G be any
locally compact abelian group. Let y stand for Haar measure on G. Then if we
know the I norm of all linear combinations of a real valued function
f € I7(G,v), then we know f up to translation and multiplication by *1.

We have proved this conjecture when G = R. Our proof specializes and gives
us the truth of this conjecture for G = {integers}, and also G = [0, 1]. Lemma 4
proves this conjecture for any finite abelian group G.

The critical point in extending Theorem 1 to any locally compact abelian
group is to extend Lemma 5 to any compact abelian group. It is easy to see how
to extend Lemma 5 to G = [0,1] X [0, 1] X...X[0,1]; in other words we know
the conjecture for G any direct product of finitely many copies of R and [0,1]. A
little structure theory should finish the job.

Finally, the conjecture should be studied for general nonabelian locally
compact groups.
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Added in proof. We can extend our main theorem to complex If spaces and,
for p not even, show that knowledge of the I norm of all complex linear
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combinations of translates of a complex valued function in I”(R) determines the
function up to translation and multiplication by e? for some # in [0,27]. The
proof is essentially the same as in the real case, except that Corollary 1 has to be
extended to complex n-space. We let C stand for the complex numbers and we let

n+1 2
Sg = {(Zl’ e ,zn+l)|zi € C’ leil = 1}
1

If u is a measure on S we say it is complex symmetric if u(4) = u(e?A) for all
0 € [0,27] and all Borel subsets 4 of S7. We say it is real symmetric if we only
have uw(A4) = p(— A).

Lemma 1’. Suppose p is not even. Define m, p, and  as in Lemma 1. If p is a real
symmetric measure on S; we claim that knowing

8@ = [ Re (o~ 2))duc2)
for all ain C™! is sufficient to determine p.

The proof of this lemma is virtually the same as the proof of Lemma 1, except
that we apply the operator D} to functions of the form eR%*2 and Re ((a - 2)¥).
To apply Lemma 1’ to complex I? space we let dp(r) = (1/r'*?)dr. Then for
w € C we have

27
<k, w? = [ WRe (ew)do

for some positive constant k.
If u is complex symmetric we can then conclude from Lemma 1’ that knowing
Sl z|P du(z) for all a € C™*! determines p.
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